ABSTRACT Consider a sequence of N X N random nonnegative matrices in which each element depends on a vector u of parameters. The nth partial product is the random matrix formed by multiplying, from right to left, the first n of these random matrices in order. Under certain conditions, the elements of the nth partial product gow asymptoticall exponentially as n increases, and the logarithms of the discrete long-run growth rates are convex functions of u. These conditions are met by some models in statistical mechanics and demography. Consequently, the Helmholtz free energy is concave and the population growth rate is convex in these models.
In statistical mechanics, a one-dimensional Ising model (1) of randomly composed heteropolymers, which has been proposed to describe DNA, takes the form of products of random matrices (2) . We establish the concavity of the Helmholtz free energy, and hence thermodynamic stability, for generalizations of this model. The methods apply to higher-dimensional random Ising models as well (3) .
In demography, models of age-structured populations with Markovian birth and death rates also take the form of products of random matrices (4) (5) (6) (7) (8) . We establish the convexity of the natural measures of population growth rate in these models.
These results follow from observations about products of random matrices that follow readily from known theorems. General results LetR =(-o,+o);R+=[0,co);R++=(0,o);Z=1,2,. ..; RA.,N = the set of N X N matrices with elements in R , for N in Z; Rq = the set of q-tuples with elements in R, for q in Z.
Let U be an open convex set in Rq. We say f:Rq R is convex if for all u and v in U, for all h in [0, 1] , f(hu + (1 -h)v) < hf(u) + (1 -h)f(v). A function f that takes only positive values is log convex if log f is convex. Let F be the class of all log convex functions, together with the function identically zero in U.
Let A be an arbitrary nonempty index set. We shall think of an element a of A as one possible state of a stochastic process at one point in discrete time. Let B be the set of all sequences b = (al, a2,. a,.. .), an in A for all n in Z. We shall think of each b as a sample path of a discrete-time stochastic process.
Let X:A X U --RN,,N, and let Xqy(a,u) be the Ij element of the matrix X(a,u). Let Y:Z X B X U --RNNbe defined, for n in Z, by (ii) log 0(u,t) is convex in u for each fixed t. If v is a measure on the Borel subsets of (c, d) such that 0(u,.) is v-integrable for each u in U, then log fdb(ut)dv(t) is convex on U.
LEMMA [Kingman (11) ]. F is closed under addition, multiplication and raising to any positive power. If, for each n, fn belongs to F, then so does f = lim sup fn.
Proof of Theorem 1: Because matrix multiplication entails only addition and multiplication, Kingman's lemma implies immediately that F contains i and that, in ill, the functions to which Eb is applied are convex. Artin's lemma guarantees that the expectations in ii belong to F and that the functions in iv are convex. 3 Over the range of values of p for which the quantities in Theorem I iii and iv exist, these quantities are also convex functions of p, for fixed u.
Theorems 2 and 3 below assure the existence of the limits in iii and iv under conditions that are satisfied in scientific applications.
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Define a set M of matrices in RIN,N to be an ergodic set (12) if there is a C in Z and a constant p in (0,1) such that every product of G matrices, with or without repetitions, from M is strictly positive and if, for each matrix m in M, min+(m)/ max(m) > Proof. The factors X(aj,u), as in A, i = 1,... , n, are determined by successive overlapping pairs of states of the Markov chain with transition matrix P. If P specifies an aperiodic ergodic Markov chain, as we assume, then the "expanded" process on successive pairs of states is also an aperiodic ergodic Markov chain (ref. 15 (16, 17) . Combining these two results gives Theorem 4. 0 I have verified the convexity asserted in Corollary 2 and Theorem 4 in numerical examples. The computation of log X(.), which requires the solution of an integral equation followed by an integration, is outlined in ref. 7 and described in greater detail in refs. 5 and 6. The computation of !u(.), which requires finding the spectral radius of a nonnegative matrix, uses the power method. Both computer programs have been confirmed by using examples (8) We emphasize that (en, n e Z) is a Markovian stochastic process that specifies the chemical composition of a polymer, whereas (An, n e Z) is a sequence of spin variables that specifies the configuration of a polymer.
Suppose that the partition function Zn of the first n monomers in the polymer contains no more than nearest neighbor interactions. (Zn is distinct from the set Z of positive integers.)
Assume that the coupling between the monomeric units at positions m and m + 1, m e Z, is described by a real number Jm = J(im+ 1Em+ 1, um, em). Suppose that the function J that maps the 16 We rewrite Zn as a product of random matrices, which depend on the types of successive overlapping pairs of monomeric units, by conditioning on the spin of the nth monomer. Age-structured populations with Markovian vital rates Models that satisfy the assumptions of Corollary 2 have been proposed to describe large, closed, unisexual age-structured populations in which the birth and death rates (or vital rates) at any time depend jointly and stochastically on the rates at an earlier time (6, 7) .
Let us interpret Corollary 2 first for a population with vital rates, contained in a matrix x(u) in RN+,N, that are constant in time, but depend on a parameter u. Then log u(u) = log X(u) = r(u) is known as the Malthusian parameter or the intrinsic rate of natural increase of the population. All elements xi1(u) of the "Leslie" matrix x(u) are 0 except possibly for those x1 (u) in the first row, which specify the effective birth rate of individuals in the jth age group, and those xl+ ij(u) below the main diagonal, which specify the proportion of individuals in age group j at time n -1 who survive to age group j + 1 at time n.
At least XIN(u) and X1K(u), in which K is relatively prime to N, and all xy+ Ij(u) on the subdiagonal are assumed positive to guarantee that x(u) is primitive.
We now show that the positive elements of x(u) are log convex functions of parameters, indicated generically by u, that have natural demographic interpretations. The probability 4s+ 1/1s that an individual of exact age (i.e., in continuous time The effective birth rates x1j(u) in the first row of x(u) are a mixture of age-specific fertility rates f(s) at exact age s. The mixing distribution is assumed constant in time. The mixture depends on the survival, which is a log-linear function of mortality, of individuals in the interval (0,1]. A parameterization of age-specific fertility rates due to Coale and Trussell (ref. 24, p. 190 ) for a human female population is f(s) = G(s)n(s)ewv(s), in which G(s) is the cumulative proportion ever married by exact age s, n(s) is "natural fertility," v(s) is a characteristic pattern of departure from natural fertility, and w is the extent of that departure. In this parameterization, G(.), n(.) and v(.) are given functions of exact age and f(.) is log convex in w. Thus x1j(u) is log convex in u = (w,m(.)). Other parameterizations of age-specific fertility, for example, as the derivative of a Gompertz distribution function, have also been found useful (25) .
Having suggested that a log convex parameterization of x(u) arises naturally in this demographic model, we now interpret the conclusions of Corollary 2, continuing to assume for the moment that vital rates are constant in time. Suppose that xy1(u) = btq(1 + ki,)u, -1 < klj < x, u 2 0. We refer to the elements xq(0) = bij as the baseline vital rates. In x(1), the baseline vital rate bij has been multiplied by a factor 1 + ki. In x(2), those changed rates have again been multiplied by the same factor. An immediate consequence of the theorem of Kingman (11) is r(2) -r(l) 2 r(l) -r(0). For example, if a 10% decrease in an age-specific birth rate lowered r in a hypothetical population from 0.03 to 0.02, then a further 10% decrease in the same birth rate, all else held constant, could not lower r beyond 0.01. Similarly, if a 20% improvement in the survival of children increased r in a hypothetical population from 0.01 to 0.02, then a further 20% improvement in the same survival proportions, all else held constant, would raise r to at least 0.03. These results appear to be previously unknown in the classical theory of stable populations.
In age-structured populations with Markovian vital rates, log.
,g(u) and log X(u) are not, in general, equal, and there is no unique natural analog of the Malthusian parameter (26) . The results just described for r(u) hold for each of log g(u) and log X(u).
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